Randomly textured polycrystalline materials of constituents with highly anisotropic nature of grains can be considered globally isotropic. In order to determine the isotropic properties, like elasticity or conductivity, we propose a theory for averaging the coefficients of the corresponding tensors unifying Voigt's, Reuss' or other self-consistent homogenization theories. We apply the method to determine elastic moduli of untextured polycrystals with arbitrary crystal structures, recovering experimental data with high precision for cubic materials. We show that the average moduli can be used to predict analytically stress and strain states inside individual grains as proven by the comparison with neutron diffraction measurements. Finally, we discuss a few possible generalizations for textured materials for further applications.
I. INTRODUCTION
It is a frequently encountered phenomenon in nature that macroscopic properties of a system are isotropic, although its microscopic constituents have anisotropic character. Common examples for such behavior are polycrystals with anisotropic grains or molecular gases. To predict macroscopic properties of the whole system it is not enough to have knowledge on the anisotropic subparts, but some information is needed about their disorder. A common idea to perform the averaging procedure is self-consistency when one assumes that the overall response is identical to the average response of the constituents. This technique is widely used in condensed matter physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and also in molecular dynamics 13 . This paper is concerned with the elastic properties of polycrystalline materials. Nowadays, the most widespread method for such problems is the crystal plasticity finite-element (CPFE) method [14] [15] [16] [17] [18] [19] [20] [21] [22] . It provides a full-field solution for the elasto-plastic problem given that all the texture information is available [23] [24] [25] . The variational formulation of this method guarantees the equilibrium of the forces and the compatibility of the displacements during the whole course of deformation. CPFE simulations have been applied to model texture evolution [26] [27] [28] , grain boundary migration 29, 30 , micronscale plastic deformation 31, 32 , high temperature deformation phenomena and recrystallization 33, 34 ; just to mention a few examples. Despite their extreme versatility, the usability of CPFE simulations is often limited due to their very large number of degrees of freedom that provides strict upper limit to the specimen volume that can be modeled. In addition, it requires the full knowledge of the grain structure, which is not always available.
In this paper we aim at providing a theoretical explanation for results of neutron diffraction measurements performed on an elastically loaded untextured material. Diffraction measurements usually do not know about the exact grain structure, they can only measure some statistical properties (like average or scatter) of the grain sizes. We, therefore, focus on developing a self-consistent method to predict the internal strain inside grains with different orientations in an untextured sample. To this end, we first review a general method to perform angular averaging of tensors like elastic constants of an untextured polycrystal. Then, we provide a new homogenization method that is similar to Voigt's 35 , Reuss' 36 or Hill's 37 model, but is more general. This is followed by an analytical mean-field calculation for a spherical grain embedded in an elastically deformed isotropic virtual medium representing the untextured surrounding polycrystal. Finally, the predictions of this model are compared to the results of the diffraction measurements where the orientation dependent diffraction patterns were measured during mechanical deformation. The paper concludes with an outlook on possible generalizations and applications.
II. ANGULAR AVERAGING OF TENSORS
Tensors are used to represent anisotropic but linear connection between physical quantities. For example the anisotropic electrical conductivity is represented by a 3×3 matrix or the elastic stiffness tensor by a 3×3×3×3 matrix. In the case when isotropy is caused by randomly oriented subparts, the isotropic connection between physical quantities can be predicted by averaging the tensor with respect to the direction of a corresponding base. Equivalently, one can predict the isotropic physical quantities by rotating randomly the tensor of the anisotropic connection.
The general linear connection C in 3 dimension between A and B matrices with N indices reads as
where i, j = 1, 2, 3 and we use Einstein's notation for summation. To average the tensor connection C, one rotates it and performs the averaging over the coefficients with respect to the angles of rotation. The rotation can be formulated using the rotation matrix
i , where f (j) is the j th base vector of the rotated frame, and i, j = 1, 2, 3, thus
The directional average [denoted by (. . . )] is performed over the angles characterizing the frame f (i) . Since C is independent from these angles, the result can be expressed by the direction averaged products of the bases
where the direction average is defined as
Here, ζ i denotes the integration variables of the rotation, and includes the Jacobian determinant divided by the total measure of the angles for normalizing. If one chooses the Euler angles (denoted by α, β, and γ) to characterize the basis orientation then the normalized integration variables read as dζ 1 dζ 2 dζ 3 = dαdβdγ sin β/8π 2 . By definition f 
with I being the identity matrix. For the average of products of four basis vectors one obtains
where δ ijkl := 1, if i = j = k = l or 0 otherwise. For the averaged factors of the higher ranked tensors see Appendix B in Ref. 13 .
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This averaging procedure can be generalized for the case of textured microstructure. In this case, the rotational average has to be performed with using specific weight-factors in Eq. (4), see, e.g., Ref. 39 .
III. ELASTIC COEFFICIENTS OF VIRTUAL MEDIUM
Untextured polycrystals are homogeneous and isotropic, so, one can apply the above mentioned averaging procedure to predict the isotropic properties of the specimen. For example, anisotropic relation inside the grains between the current density J and the electric field E is J i = Σ ij E j , where Σ is the electrical conductivity. From Eq. (5) the direction averaged connection for polycrystals is approximatelȳ
therefore the conduction can be expressed with simple scalar equation J i =ΣE i . This result is used, for instance, to predict permeability in monodisperse materials or magneticity in alloys 40, 41 . The elastic coefficients are described by the elastic stiffness tensor C with four indices, which describes linear relationship between strain and stress
The inverse of the stiffness tensor is called compliance tensor S, which fulfills
The direction average of a rank-4 matrix can be done by using the average of the base vector products from Eq. (6). The non-zero coefficients of the averaged stiffness tensor in sextic notation for a material with cubic symmetry are
The averaged coefficients indeed satisfy the isotropic condition, that is, the degree of isotropy a, defined as
equals to 1. It is important to point out that the similarly performed averaging operation for the compliance tensor leads to a different result in the sense C = (S) −1 . The introduced direction averaging process assumes randomly oriented grains inside polycrystals, yet, as said above, it is not irrelevant, whether one averages C or S. To tackle this issue it is important to study the physical arrangement of the grains. The first two panels of executed over the stiffness tensor (briefly C). This assures compatibility, but not necessary equilibrium in a polycrystal. However, in Reuss' model 36 the stress is homogeneous and the average would run over the compliance (briefly S). This assumes equilibrium, but not necessary compatibility. In a physical situation, like the one sketched in the right panel of Fig. 1 , the elastic coefficients of the perfectly untextured polycrystalline material must lie between these two limits. Our aim is now to introduce a suitable model for such case, but stay as general as possible.
To interpret models of Voigt and Reuss we first introduce the generalized p-mean of quantity X as
With this notation Voigt's model corresponds to C = C 1 (arithmetic mean) and Reuss' to S = C −1 (harmonic mean). Since generalized mean is a monotonic function of the exponent p, here we choose p → 0 for calculating the isotropic elastic constants (geometric mean) which is between the previous limits. This choice is also motivated by Hill 37 , who showed that Voigt's and Reuss' assumptions lead to the least upper bound and the greatest lower bound for the elastic coefficients. Hence, in our calculations the total averaged stiffness and compliance tensors (C av and S av , respectively) are formally expressed by the geometric mean of the Voigt's and Reuss' model
In the rest of this paper the term virtual medium will refer to an isotropic material with the obtained averaged elastic properties C av . It is noted that there are several other models to predict the average elastic properties of polycrystals (see, e.g., the reviews in Refs. 1, 2, 42 ). The advantage of our approach is its generality and the fact that it is irrelevant whether the averaging is performed on C or S [see Eq. (14)].
To verify the correctness of the averaging procedure, it was applied to different cubic crystals (although it can be performed for any crystal structure). Columns 2, 3 and 4 in Table I show the experimentally measured elastic coefficients of the single crystalline form of these materials. Column 5 contains the degree of anisotropy a, defined above, value of 1 corresponding to isotropy. Columns 6, 7 and 8 give the averaged elastic coefficients from Eq. (13) . It is evident from the table that, averaging indeed changed the coefficients significantly which now satisfy the isotropic condition. Columns 7 and 8 correspond to the Lamé coefficients of the isotropic virtual medium (denoted byλ andμ), whereas the last two columns contain Lamé coefficients measured on real untextured polycrystals (denoted by λ and µ). As it is seen the deviation between measured and predicted values is only about a few percent, justifying the chosen averaging method.
In case of textured materials, as it was mentioned at the end of Sec. II, the average could be calculated using weight factors in Eq. (10) representing the anisotropy of the grain structure (that is, texture).
IV. STRESS INSIDE ANISOTROPIC GRAINS
In this section we calculate the stress inside a grain with arbitrary orientation, in an untextured polycrystal subjected to some external homogeneous strain ε 0 (left panel of Fig. 2 ). To be able to perform an analytical calculation we assume that (i) the grain is spherical (which in average is true in the studied case) and (ii) the surrounding grains can be in average replaced by the virtual medium introduced in the previous section (right panel of Fig. 2 ). The latter assumption is motivated by the fact that in the untextured case the number of surrounding grains is relatively large (10-14 on average, by geometrical consideration) and is estimated by many diffraction measurements, see in Ref. [45] [46] [47] [48] [49] [50] . In this section, superscript "vm" and "g" will denote the field variables in the virtual medium and in the embedded grain, respectively.
The condition for equilibrium inside the isotropic virtual medium surrounding the grain is
whereλ andμ are Lamé coefficients of the virtual medium, calculated in the previous section, u vm is the displacement vector and f (r) is the external force density. The Green's tensor of Eq. (15) from Ref. 51 is 10 Pa from Ref. 43, 44 . Comparison of columns 7-9 and 8-10 shows that our model is able to predict the elastic coefficients with only a few percent of deviation.
FIG. 2. The theoretical model considered in Sec. IV: external strain ε
0 is applied on a polycrystal, which induces strain ε g inside a single grain. The surrounding media is assumed to be the virtual medium introduced in Sec. III.
Since external forces only arise at the boundary of the sphere, for the solution of u vm (r) one can transform the Green's spherical volume integral to a surface integral,
where ε 0 is the external strain applied on the polycrystal and P vm denotes the so-called polarization tensor at the boundary of the virtual medium which depends on the local stress and displacement (for its actual form see below). The integral of Eq. (17) is performed on the outer surface of the grain.
To solve Eq. (17), we first assume that the polarization tensor P vm is constant along the surface. This assumption will be later confirmed by Eq. (29) . Let us introduce the notation
where a is the radius of the grain, V a = 4πa 3 /3 and the origin was placed in the center of the spherical grain. In the case of r ≥ a, that is, for the virtual medium, from Eq. (17) one arrives at
(19) By calculating the derivatives of I i , the displacement can be evaluated analytically. At the boundary (r = a), the displacement reads as
(20) From Eq. (19) the strain and stress can also be calculated analytically at an arbitrary position in the virtual medium using ε 
After performing the straightforward calculation one obtains at r = a:
Now we continue with employing the boundary conditions at the grain surface. First, the value of the displacement u must be equal on the two sides of the boundary (r = a):
Secondly, the normal component of the stress tensor must also be equal on the two sides, which can be formulated as 
In the studied case the inclusion is spherical and the external applied strain is homogeneous, therefore, based on Eshelby's theorem 52, 53 one concludes that both strain and stress (ε g and σ g , respectively) are homogeneous inside the grain. The condition on strain means that the displacement inside the grain is of the form u 
15μ(2μ +λ)
.
According to the condition on stress, σ g ij is independent of r in Eq. (25) . Since the expression in the brackets on the right-hand-side is also constant throughout the boundary it follows that
Our aim is to express the internal strain ε g in terms of the applied strain ε 0 . To this end, we first eliminate the polarization tensor P vm from the equations by first taking the trace of Eq. (26) leading to
where the notation ∆ε ij = ε g ij − ε 0 ij is introduced. From Eq. (26) P vm can be expressed with ∆ε as
Inserting this expression into Eq. (27) and using the relation
(C ijkl is the stiffness tensor of the anisotropic grain) one obtains the final result
where A 1 =μ(14μ + 9λ)/(8μ + 3λ) and A 2 =μ(6μ + λ)/(8μ + 3λ). Equation (31) is the desired formula that provides the strain inside the anisotropic grain as a function of the applied strain and the elastic coefficients of the material.
The method for obtaining the strain ε g is, thus, as follows: With the help of anisotropic C ijkl coefficients of the material, the virtualμ andλ Lamé coefficients can be calculated from Eq. (13) . Then, at a given external strain ε 0 the internal strain can be obtained from Eq. (31). The internal stress field follows from Eq. (30) .
To illustrate the result, we used Eq. (31) to calculate the orientation dependence of the internal strain ε g at a given homogeneous external strain ε 0 . The coordinate system is attached to the virtual medium and the grain of cubic symmetry is rotated around the x axis with different angles ϕ. In this example we used the elastic coefficients of copper from Tab. I. First, we considered tension along the z axis (ε 0 33 = 1), see the upper panel of Fig. 3 . In accordance with one's expectations strain component parallel to the tensile axis ε 33 decreases with increasing angle ϕ whereas the lateral deformation component ε 22 increases. It is also seen that ε 11 is constant because the rotation takes place around the x-angle and that rotation induces shear strain in the grain. Secondly, we consider the case of pure shear (ε 0 23 = ε 0 32 = 1), depicted in the lower panel of Fig. 3 . Again, the observed behavior of strain values is in line with physical expectations.
In the next section, in order to verify this model we continue with comparing its predictions with experimental results.
V. APPLICATION FOR DIFFRACTION MEASUREMENTS
In Ref. 46 the authors performed neutron diffraction measurements on an untextured 316 steel polycrystal. First, they measured diffraction patterns without applied load to determine the diffraction planes and the initial value of the lattice constants. Then the measurement was repeated with an externally applied homogeneous tensile load below the yielding threshold. From the shifts of the Bragg reflections, the axial lattice strain ε hkl was determined at several Miller indices. Since for a given hkl index only grains with orientation satisfying the Bragg condition contribute to the diffraction pattern, the measured strain corresponds to that orientation. The results are shown in Fig. 4 in blue. The applied stress was 500 MPa and the error bars represent the uncertainties of the measurement. Now we make an estimation on the same strain values using the theory introduced previously. The elastic coefficients of the steel from Ref. The calculated isotropic virtual coefficients areμ = 76.6 GPa andλ = 106 GPa. The external strain is determined using
where S av is determined by the virtual medium from Eq. (13) . The applied true stress during the measurement was homogeneous σ 0 = 500 MPa and we choose the z axis to be parallel with the loading axis. The reciprocal lattice vector is g = (h, k, l)/a, where a is the lattice constant. Inserting Eq. (33) in the implicit Eq. (31), the measured relative displacement can be calculated analytically from
where, ε 
VI. SUMMARY
In this paper a new method for calculating elastic stresses and strains in untextured polycrystalline materials was presented. First, a technique for directional averaging on tensors of any rank was reviewed followed by the determination of elastic moduli of a bulk untextured polycrystal. The theory was applied for crystals of cubic symmetry and the predicted elastic constants showed good agreement with measurements. Secondly, an analytical formula was derived that describes the average internal stress and strain within individual grains of a polycrystal of different crystallographic orientation. The derivation was based on the following assumptions:
(i) The grains are considered spherical;
(ii) The material surrounding the grain with specific orientation was assumed to be isotropic with elastic constants calculated in the first part of the paper;
(iii) The displacement u is considered continuous at the grain boundary. This assumes pure elasticity, that is, a dislocation free boundary. Upon significant plastic deformation this condition may be violated [55] [56] [57] .
The calculations yielded Eq. (31), which is an analytical formula that provides the strain inside the considered grain as a function of the applied load. The assumptions listed above may seem strict but, as it was shown in Sec. V, the theory can be directly applied for untextured polycrystalline materials. Neutron diffraction experiments were analyzed and we calculated the strain in grains with identical orientation, from the shift of the corresponding Bragg peaks. The comparison of these data with ones predicted by the theory showed excellent agreement validating the model assumptions.
The advantage of the model presented mostly lies in its simplicity, because it is capable of giving accurate predictions about internal elastic stresses and strains without the detailed knowledge of the microstructure. In addition, solution of the derived equation is orders of magnitude faster than that of a sophisticated simulation tool (e.g., CPFE).
The main area of application for the presented theory is expected to be the evaluation of diffraction experiments, as demonstrated in Sec. V. In particular, during plastic deformation average stress and strain values within individual grains can be estimated. This theory is also expected to facilitate developing plasticity theories of polycrystalline materials.
The presented calculations are performed for untextured materials, however, they can be generalized in a straightforward manner for a textured microstructure as it is detailed below. When calculating the elastic constants of the virtual medium the texture could be accounted for in terms of using specific weight-factors in Eq. (4). The virtual medium would then naturally lose its isotropic character. In the elastic calculation of Sec. IV shape of grains could be taken into account by considering the grain to be ellipsoidal. This would still permit the applicability of Eshelby's theorem and would give a good approximation for the average grain shape for most cases. So, the analytical derivation could be easily generalized allowing a wider applicability of the present results. This calculation is relegated for future work.
